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Abstract. General expressions for traces of products of angular momentum matrices (both
in Cartesian and spherical bases) for systems of arbitrary spin are derived using the well
established properties. It is shown that the trace is a polynomial in  where # is the eigen-
value of the J2 operator. The trace techniques developed herein are applied to the problems
of spin orientation.

1. Introduction

Ambler er al (1962a, b) have obtained the traces of products of a limited number of
angular momentum matrices for systems of arbitrary spin. The purpose of this article
is to extend the results of Ambler et al and to obtain the nature and the general form of
the trace of a product of an arbitrary number of angular momentum matrices. In §2
it is shown that the trace is a polynomial in  where 7 is the eigenvalue of the J* operator.
We also prove that the trace can be expanded in terms of Tr(J2?), where p is a positive
integer. The results are tabulated for a product of matrices up to eleven in number
in a more concise form than given by Ambler et al (1962a).

The trace techniques developed here are of great use in the study of spin orientation
problems. For the purpose of illustration we have obtained the explicit forms for the
spin tensors and evaluated their reduced matrix elements (§ 3.2) and we have also
investigated the elastic scattering of particles of arbitrary spin by a target nucleus of
zero spin (§ 3.3).

In this paper, the following notation is used:

(i) Angular momenta are expressed in units of 4 and are denoted by j.

(i1} The symbols 4, u, v denote x or y or z.

(iii) The Levi-Civita symbol in three dimensions is denoted by ¢, .

(iv) Positive integers including zero are denoted by «, 8, y, 1, p, ¢, r and K.

(v) The symbols L, M and N denote x, y and z in any permutaticn (L, M and N
are different).

(vi) The symbols n and Q are defined by n = j(j+ 1), Q = n(2j + 1).

(vii) The difference operator (cf Miller 1961) is A and the anti-difference operator
is AL

(viii) The Bernoulli polynomial of the first kind (cf Miller 1961) of degree p in s
is denoted by B(s).

(ix) Polynomials of degree p in ¢ with real and rational coefficients are denoted by
Fy &), G&),.... A polynomial in ¢ of degree — 1 is interpreted to have the 1/¢ term
only.

1995



1996 P R Subramanian and V Devanathan

(x) The scalar triple product is denoted by
[PQR] = (PxQ).R.

2. Evaluation of the trace

2.1. Properties of angular momentum matrices and traces

In this section we give the well known properties of the angular momentum matrices
and of the traces which are used to develop the techniques.
(1) If J is an angular momentum operator, then

JxJ =il 2.1)
Equation (2.1) is a consequence of the more fundamental relation
J}.Ju - ‘]u‘],i = i‘/’.uv‘]v . (22)

We have used the Einstein summation convention of summing over repeated indices
in equation (2.2).
(ii) The scalar matrix J? is given by

=l (2.3)

where I is a unit matrix of order (2j + 1).

(iii) The components of J namely, J, J, and J,, are Hermitian.

(iv) The matrices J*> and J, can be diagonalized simultaneously in which case J,
will have a spectrum of eigenvalues (diagonal elements) —j to j in steps of unity. Of
the two remaining matrices, one has only real elements and the other has only imaginary
elements (cf Rose 1957a).

(v) The trace is invariant under a similarity transformation.

(vi) The trace of a product of matrices is not changed by a cyclic permutation of the
matrices.

2.2. Nature of the trace

Consider a product of angular momentum matrices
A=JJJd,.... (2.4)

Let J, occur a times, Jy, § times and J, y timest. We can show that Tr A is real when
a, f and y are all even and purely imaginary when o, § and y are all odd. When a, f and
y are of mixed type (even and odd mixture), Tr A is identically zero, zero for all j. The
proof is given below and it is based on the property that in a given representation, two
of the three matrices consist of real elements whereas the third consists of purely imaginary
elements.

Case I: a, f and y are of mixed type.

Consider two different representations which are connected by a unitary transformation.
In one representation, let the matrix which occurs an odd number of times have purely
imaginary elements. Since the other two matrices have real elements, Try is purely

t For any matrix ¢, #° = I, the unit matrix.
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imaginary. In the other representation, let the matrix which occurs an even number of
times have purely imaginary elements. In this representation Tr A is real. Since the
trace is invariant under a similarity transformation,

TrA =0 (2.5)
Therefore. when «, § and y are of mixed type, Tr A4 is identically zero, zero for all j.
Case 11: o, B and v are all odd (even).
Consider the representation in which any one of J,, J,, and Jy has purely imaginary
elements. Tr A is purely imaginary (real) as each matrix occurs an odd (even) number
of times and i°% (i°**") is purely imaginary (real).

Therefore, using again the property that the trace is invariant under a similarity
transformation, Tr A4 is purely imaginary (real) when o, 8 and y are all odd (even).

Thus, by mere inspection, one can tell whether the trace is real, zero (zero for all j),
or purely imaginary.

2.3. Evaluation of Tr(J?P)
The evaluation of Tr (J??) is straightforward. In the representation | jm) in which J,

is diagonal,

T = ¥ <3 jm) = 3 me (2.6)

m=-j

Since (cf Miller 1961)
A1‘32,,+1(m) = (2p+ m?, (2.7)

Z m2? = A~ m“l’” —

—B (j+1), (2.8)
mEt 2p+1 2p+1

using the fundamental theorem of the sum calculus and the relation (cf Miller 1961)
32p+1(1_5) = —By,.4(9). (2.9)

Hence

2
Tr(J7%) = 2p+132p+1(1+1) (2.10)

Using the principle of mathematical induction we can show that (cf Subramanian
1973)

Byp+1(s) = s(s—1)(2s— 1)F, - ,(u), (2.11)

where u = s?—s. The proof involves the use of the following relations (cf Miller 1961):
() f By di = (B, 1(9)= B, s (a)) 2.12)

(ii) sz+3(1) =0, (2-13)

(i) Bapes) =0 (2.14)
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Hence
2Q

Tr(J??) = 2p_+TGp— () (2.15)

Since the trace is invariant under a similarity transformation, the above result is true
in all representations.

2.4. Results

Using equation (2.10) and the properties given in § 2.1 we have obtained the traces of
products of matrices up to eleven in number. Table 1 gives a list of the trace of a product
of angular momentum matrices in a Cartesian basis. Traces of other products can
easily be obtained using table 1.

The following properties of the traces can be easily proved:

(@) Tr(J5J4,J%) is invariant under an interchange of the powers of J;, J,, and Jy.

(b) TeILJ4J%) = (= 1P 7" T4 (2.16)

In some problems the angular momentum matrices occur as scalar products J. A
where A4 is a vector but not an angular momentum operator. Hence it is desirable to
obtain traces of such scalar products using table 1 and they are presented in table 2.

2.5. General form of the trace of a product

In § 2.2 we have found the nature of the trace of a product of an arbitrary number of
angular momentum matrices. In this subsection we obtain the general form of the trace
of a product of angular momentum matrices given in a spherical as well as a Cartesian
basis.

2.5.1. Product involving J ., J_ and J,. The raising and lowering operators are given
by (cf Rose 1957a, chap 2)

Jy =J,iJ,. (2.17)
Consider a product of angular momentum matrices involving J, , J_ and J,,
B=JJJ...., (2.18)

where each one of the matrices J,, J,, J,,...canbe anyone of J.,J_and J,. Let J_
occur p times, J _, g times and J,, r times.

TrB = Y ( jm|B| jm). (2.19)

Since the trace is invariant under a similarity transformation, let us evaluate the trace
in the representation in which J, is diagonal. Since m is stepped up p times, stepped
down g times, and unaffected r times,

m+px(1)+gx(—1)+rx(0) = m. (2.20)
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Table 1. Traces of products of angular momentum matrices in Cartesian basis

1999

Number A TrA
1 J? 10
2 Judd, i8Qe
3 Ji =37 —1)
4 J2 03, H2n+1)
5 J3J, 35037 — e,
6 JS #Q3n2=-3n+1)
7 JEI2, S 6n? + 87— 5)
8 J23J3 Q20— 97+ 10)
9 JiJJ, 175Q030% = 3n+ ey,
10 J3I3J, ko Q1872 + 30— 8)e .,
11 Ji =5 =102 +9n-3)
12 I8 T3, o107 + 2547 — 48y + 21)
13 JEIY QU203+ 82 =T+ 1)
14 T3 6023 — 2577 + S4n — 24)
15 S, g5 QU573 — 1072 +97 — e, .
16 J3I3, i35 10 + 1072 = 337 + 16)c,,,
17 J3J33 ko0 — 372 + 270 = 20)c,,,,
18 JLo HO0 — 1073 + 1772 = 157+ 5)
19 T8I, 555 CU107* +40n° — 1564 + 1927 — 75)
20 I8 sekss€230n* + 2307 — 29277 — S1n + 105)
21 JSI3JE oA 10n* — 23553 + 8564 — 1062 + 420)
22 T332 se5oS26n* — 19673 + 35302 + 1357 — 210)
23 I3, ideQU3n* — 1073 + 1792 = 157 + S)e,..,
24 JiJ3, iTdsoQ(30n* + 6573 — 35852 + 4770 — 192)c,.,,
25 JIJJ, 15328 10n* +40n° — 12372 + 937 — 20)e;,,
26 J3J3? 17708300 — 457> + 58812 — 11075 + 512)¢,,
2 s g B 4D
28 JiI4 3 TrJ) = Tr(Jg*2)]
29 JPd, B{Tr(J27* e,

Hence p = g, and therefore J. and J_ must occur the same number of times for the
trace to exist. Since (cf Rose 1957a, chap 2)

Jilism+P) = [jF(m+ P 2[jx(m+P)+ 1'% jm+ P+ 1),

Jidj,m+R)> = (m+R)| j,m+R),

(2.21)

the quantity (jm|B|jm) is a product of p products of the type [(j—~m—P)(j+m+ P
+ 1)]''2, g products of the type [(j+m+Q)(j~m—Q+ 1)]*/? and r products of the type
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Table 2. Traces of scalar products involving angular momentum operators

Number Operator Trace

1 J.A 0

2 J(J.4) 104

3 (J.4)(J.B) 1A4.B)

4 J(J.A)(J.B) itQ(4 x B)

5 JJ J.A) 15Q¢;,,A4,

6 JJ,+ I J)J.A) 0

7 (J.A)(J.B)(J.C) i34 BC]

8 J(J.4)(J.B)(J.C) HQ(2n + D(A.BYC+(2n + 1)}(B.C)A + 2(n — 2)(C.A)B)

9 J.A)J.B)(J.C)(J.D) 725Q0(21n + D{A.B)/(C.D)+(2n + 1)(B.O)(D.4) + 2(n — 2)(C.4)(B.D)]
10 JJ.A)J.B)(J.C)(J.D) i35Q{(3n = )(4.B)(C x D)+ (3n — 1)(C.D)(4 x B)

+(4n—3)(A.D)(B xC)+(n—2)[ABD]C—(n—2)[4ABC]D)

11 (J.A)J.B)J.C){J.D)(J.E) i4Q{(3n — 1)(4.B)[CDE) +(3n — 1)(C.D)[ABE]

+(4n —3)(A.D)[BCE] + (n—2)(C.E)[4ABD)
—(n—2)(D.E)[4BC];

(m+ R) where P, Q and R are integers. Since p = ¢, and since
Jiljym+ Py = [(j—m—=P)(j+m+P+1]'? jm+P+1),
J_ljym+P+1) = [(j+m+P+1)(j—m—P)"?j,m+ P>, (2.22)

the contributions from J | and J_ can be paired to give a typical term [p —m* —(2P+ I)m
—(P?*+ P)] and contributions to {jm|B|jm) by J, and J_ through p such products
are given by

2p
Y Efmm?r~X
K=0

with d = 3K or (K — 1) according to whether K is even or odd. Similarly the contribu-
tion to {jm|B| jm) by J, matrices is given by

(m+R,)(m+R,)...(m+R) = Z am, (2.23)
p=0

where R, R,,..., R, and g, are integers. Using equation (2.15), we get

r

2p
TrB=3 Y Y aF(mm?r~%*s
m K=0p=0
= Y a,F ) Tr(J27~K79),
K.p
= QF(n), (2.24)

where F(y) is a polynomial in n with real and rational coefficients. The maximum
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degree of 1 in F(n) comes from Tr(J2?*") when r is even and from Tr(J2?*"~') when r
is odd, as Tr(J2#*1!) is zero. We now obtain the following results.

Case I : ris even.

Tr B = QFy(#n), (2.25)
with

S =32p+r-2). (2.26)
Case 11. r is odd.

Tr B = QG{n), (2.27)
with

T =42p+r-3) (2.28)

The above results are very general and applicable to a product of any number of matrices.
It is a matter of simple algebra to show that the results of Ambler et al (1962b) given for
the limited case p+ g +r < 9 can be brought to the form given by equations (2.25)-2.28).

2.5.2. Spherical basis: product involving J}, J7', J9. The angular momentum matrices
Ji, J7 Y, J9 are given by

1 _ 1
Ji = —ﬁJ“ Jll:ﬁj_’ JO=1J,. (2.29)
Consider a product of angular momentum matrices
C=JgJR. .., {2.30)

where P, Q, R, ... can be any one of 1, —1, 0. Let J} occur p times, J]' g times and
J?, r times. It is easy to obtain

Tr C = QG(n)é (2.31)

pq°

where G(n) is a polynomial in # of degree S or Taccording to whether r is even or odd,
with real and rational coefficients. The quantities S and Tare given by equations (2.26)
and (2.28) respectively.

2.5.3. Rectangular basis: product involving J,, J, and J,. Let us now evaluate Tr A
where A is given by equation (2.4). Since

J.+J_ J -
Jo="5 Jy=" (2.32)
Trd =) Q) Tl +J.)...(J,—J.)...J,...], (2.33)

and hence Tr 4 is a sum of 2°*# terms of the type Tr(J, ...J_...J,...). Let us
evaluate Tr A in the representation in which J, is diagonal. Let J, occur p times, and
J_, q times in a typical term; J, occurs y times. Since p+q = a+ f5, and p and ¢ must
be equal for the trace to exist, we get p = g = 4(«+ ), and hence contributions to Tr A
come only from such products which have p = g = {(x+pf). Using equations (2.25}
(2.28) we obtain the following results.
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Case I: a, p and y are all even.
Since (i)~ # is real,
Tr A = QF(n), (2.34)
where F(n) is a polynomial in # of degree S with real and rational coefficients and
S =3a+B+7-2). (2.35)
Case I1: o, § and y are all odd.
Since (i) ~? is purely imaginary,
Tr A = iQG(n), (2.36)
where G(n) is a polynomial in n of degree T with real and rational coefficients and
T =Ya+B+7-3) (2.37)

The results reported in table 1 of this paper and table 2 of Ambler et al (1962a) are in
conformity with equations (2.34)+2.37). Let us illustrate these equations with some
examples.

5
TrU33J3) = Q ¥ Cur¥, (2.38)
K=0

6
Tr(J]J3J3) = iQ( y DRnR)e,W. (2.39)
R=0

To find Cy (D) we must know Tr(JEJ2JE) [Tr(J]J3J3)] for six (seven) different values
ofj. Once Cy and Dy are known equations (2.38) and (2.39) can be used for all values of j.

2.6. Expansion of trace in terms of Tr(J2P)

Now we prove that the trace of a product of angular momentum matrices given either
in a spherical or a Catesian basis can be expanded in terms of Tr(J2?). We have

p
F(n) = ZO An*G,_ (n), (2.40)
K=

where the constants A are obtained by comparing the corresponding coefficients of #¥
on both sides. Let the matrices B and A be given by equations (2.18) and (2.4). Using
equations (2.15) and (2.40) we have the following results withn = a+ f+7y.

Case I: a, § and vy are all even.

TrB = Ay Tr(J%)+ A;n Tr(J%™ )+ 40> Te(J 4+ ...,

(n-2)/2 3R
= Y AR Tr(J;2R) (2.41)
R=0

Similarly
(n—2)/2

TrA= Y BegRTr(J% 2R), (2.42)
R=0
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Case I1: a, § and y are all odd.

(n—3)/2
TrB= Y CppRTr(J; '"2R), (2.43)
R=0
(n—23)2
Trd=i Y DmpRTrJn !172R). (2.44)
R=0

In equations (2.41){2.44), Ag, By, Cy and Dy are real and rational numbers. Thus the
traces of products of angular momentum matrices can be derivedt from those of the
form Tr(J2?).

3. Applications

3.1. Anti-commutation relations for angular momentum matrices

The familiar result that the angular momentum matrices J, , J,, cannot anti-commute
when j is neither zero nor half can be obtained using the results given in table 1. Using
table 1 we have

Q
Tr(J Iy 1) = B(ﬂ -2) (no summation). (3.1)

Hence
Tr(J2J3) + Tr(J 1T ped 1T p) = 36070+ DR2j+ 1D(2j — 1) (2 +3)] (no summation). (3.2)

Since j is necessarily positive, the right-hand side of equation (3.2) is zero only when
j = 0,%. This then implies that J,, J,, cannot anti-commute when j is neither zero nor
half. If they do so, the left-hand side of equation (3.2) reduces to zero irrespective of
the values of j.

3.2. Nuclear spin orientation

The density matrix p, for the final nuclear state completely describes its spin orientation
(cf Lakin 1955, Devanathan et al 1972, Ramachandran 1967) which can be represented
conveniently by a set of parameters {( T¥*) defined by

Tr(T%*ps)
Tr(p;) ’

where T%* denotes a spherical tensor operator of rank K in the spin space of the final
nucleus and satisfies the normalization condition

Tro(TEETEE) = (2 + 1)k k O (3.4)

subject to the restriction 0 < K < 2j, where j is the spin of the final state.
Using trace techniques, we show below that the following relations}

(i) UITl > = QK+ 172, (3.5)

(Tg> = (3.3)

t A statement made without proof by Ambler et al (1962a, b).
} For angular momentum coefficients and reduced matrix elements, we follow the notation and definition of
Rose (1957a).
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(= DX[(2i+ DK+ D)2 — K)!| 1/?
K! (2j+1+K})!

(i) T§ = (K, (3.6)

can be obtainedt.
From the Wigner—Eckart theorem

CJmITEX jmy = CGKJ] s mmgm) I Tl i (3.7)
and m = m+my. From the fact that the commutator [J?, TE¥] = 0, we see that j = j'.
Hence

TRx|jmy = C(jK'j;s mmg ) jI Tl D1 m+mg», (3.8)
Tr(TTRT7x)

=Y CUK'js mmg ) Gl Tl )Y (= D™ CKf s m+my., —myg, m) Gl Tell 5>

" (3.9)
Using the symmetry and orthogonal properties of the C coefficients (Rose 1957a, chap 3),
we get
2j+1)
(2K+1)

From equations (3.4) and (3.10) we get equation (3.5), assuming the reduced matrix
element to be real and positive.

To obtain TX, we proceed as follows. Let us construct the spin tensors using angular
momentum operator J. Thus

Tﬁ = GK(JDK = Gx(_i/l_z)K(JﬂK, (3.11)

where Gy is a constant depending upon K. Now
CiTR J= K> = GITll j>CUjKj; j— K, K)

(=) + DK+ 1)K 2
- K! (2j+1+K)! ’
using the Wigner—Eckart theorem, equation (3.5) and the expression given by Racah

(1942) for the C coefficient.
Using equations (3.11) and (2.21) we also have

Tr(TRETER) =

(N Tl 35Ok i g mc. - (3.10)

(3.12)

KL 1 K22
iiTYj, ji—-K> =G ( ( ) 3.13
Tkl K\~ 72) (o= (3.13)
From equations (3.12) and (3.13) we have
2KQj+ DRK + )I2j—-K)\ 12
G . .
k- K'( 2j+1+K)! (.14
Equation (3.6) follows easily from equations (3.11) and (3.14).
Incidentally, using equations (3.11), (3.4) and (3.14) we have
j+1 K Y)?
ek g&) = FHIHROUKY (3.15)

CK+1)2j—K)!’

+ Rose (1957b) and Goldfarb (1958) have obtained similar results using a different approach.
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Equation (3.15) is true for any K and it agrees with the results of Ambler et al (1962b)
given for limited values of K = 1, 2,3 and 4.

The matrix element for TEX can easily be found using equation (3.5) and the Wigner—
Eckart theorem.

| TRX jm = C(jKj; mmem )l Tell j7

(3.16)
= QK+ 1)Y2C(jKj; mmym’).

We have obtained TX using trace techniques. The same techniques can be used to
find any TRX. For the sake of illustration we have obtained T} in the appendix.

3.3. Elastic scattering of particles of arbitrary spin

Let us consider the elastic scattering of particles of arbitrary spin j by a target nucleus of
zero spin. The operator that is responsible for this can be of the general form

t=. A¥+J. B ' +(J.CF 2+ ., (3.17)

since a tensor of maximum rank 2j is necessary to connect one projection of j to another
projection of j.

The density matrix p; for the scattered beam completely describes its spin orientation
which can be represented conveniently by a set of parameters { T¢*) defined by equation
(3.3). Tgx denotes a spherical tensor operator of rank K in the spin space of the scattered
beam satisfying the normalization condition equation (3.4). The differential cross
section is given by Tr p; where

pe = tt*. (3.18)
Using table 2 we get the following relations for the special case
t=J.C+D. (3.19)
. j+1
(i) Tr(pe) = 2L;—_—(nC. C*+3DD¥), (3.20)
3 1/2
(ii) Tr(T,pe) = (E) Tr(Jpy),
n 1/2
= (E) (2j+ D)[i(C x C*)+2CD* +2DC*] (3.21)
0 (4n=3m\ 2 .
(iii) Tr(TSp;) = 150 2j+DEC,Cr-C.CH), (3.22)
. 4n—3)n\ 12
(iv) Te(TEtp) = 7|2 41
120
x[(C,C¥+C,CHEUC,Cr+C,CH) (3.23)
in (@ =3)m\12
v Ti(T$2p) = (5| @+D)
x[(C.C¥-C,CHEIC,Cr+C,CH] (3.24)

(vi) Tr(Tg%ps) = O, for K = 3. (3.25)
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In the above C*, D* denote complex conjugates of C and D respectively. Equation
(3.25) is not surprising since the special choice of the operator given by equation (3.19)
restricts the density matrix

pe=1tt" =(J.C+D)[(J.C+D)"], (3.26)

to contain only tensors of rank two and less. The normalization condition equation
(3.4) clearly tells that the trace vanishes when K # K'.
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Appendix. Construction of Tgx

In the text we have obtained TX. The trace techniques can be used to find any T7x,
For the sake of illustration let us obtain T}. We have
(JyxJy)) = C(112; 01)J9J} + C(112; 10)J1J9

—YJ T, +T.T), (A.1)

using the value of the C coefficients. Hence

T) = —3k(J . +J,J,) (A2)
where k is a positive constant. Using the normalization condition

Tr(TY TY) = 2j+1, (A.3)

and evaluating the trace using table 1, & is found as

30 112
k= (J'(j+1)(2j— 1)(2j+3)) ’ (A4)
so that
1 15 1/2
2= _(21(j+1)(21'—1)(2j+3)) e +J. T2 (A.5)
Whenj = 1,
T = _ﬁ(u+ +J.J) A6)

2

Equation (A.6)is essentially the same as equation (1.3) of Lakin (1955). Only the notations
used are different.
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